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Abstract

Collisionless damping of geodesic acoustic mode (GAM) excited in the large
safety factor (q) region of a tokamak plasma is investigated taking into account
the effects of finite ion Larmor radius and guiding-center drift orbit width as well
as parallel electric field contributions. A corresponding analytical expression
for the damping rate including higher-order harmonics of ion transit resonances
is systematically derived and agrees well with numerical results in its validity
regime.

Geodesic acoustic mode (GAM) [1], predicted by Winsor et al in 1968 using the ideal
magnetohydrodynamics (MHD) discription, is a toroidally symmetric and nearly poloidally
symmetric mode peculiar to toroidal plasmas. Although GAM itselfis, typically, linearly stable
because of collisionless ion damping due to wave particle resonances in fusion plasmas [2, 3],
GAM has recently attracted much attention, since it may be spontaneously excited by drift-
wave turbulence via three-wave resonant parametric interactions [4—6] or external sources such
as energetic particles [7, 8]. Furthermore, in the case of excitations by drift waves, due to its
radially corrugated (zonal) structures, GAM in turn scatters drift wave from long-wavelength
unstable domain to short-wavelength stable domain, and, thereby, provides self-regulation of
drift-wave turbulence and, consequently, transport. As the thresholds for GAM excitations in
terms of either the drift-wave intensity or the energetic particle energy density depend crucially
on the GAM collisionless damping rate, it is desirable to have an analytical expression valid
over a broad range of tokamak parameters, and this constitutes the motivation of this work.
Up to now, analytical theories for the GAM damping have assumed small magnetic drift
orbits for the resonant ions, i.e. k, pg res < 1, such that only low-order harmonics of the transit
resonances contribute. Here &, is the radial wave number, pq res i the resonant-ion magnetic
drift orbit width, the subscript res denotes resonant particles, and pq res & ¢ pi res fOr an isotropic
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ion distribution assumed here, p; res is the resonant-ion Larmor radius. To be more specific,
we note that, for GAM, the wave-particle resonance condition is given by

w = lwt,res

with @ res = V) res/g Ro being the transit frequency of the resonant circulating ions, R being
the tokamak major radius and ! = integers. For k,pqres =~ k piresq < 1 or, equivalently,
Wdres < Wires With @4 res & Kk, V4 res being the resonant particle magnetic drift frequency, it
can be readily demonstrated [2, 3] that the low-order harmonics (i.e. = +1, £2, ...) transit
resonances dominate. Taking / = 1 and noting @ ~ vy /Ry [1], we find

vH,res/Uit ~dq,

and k; pd res X krPiresq ~ Ky 0ig?, pit is the thermal ion Larmor radius. For &, pjg? < 1, the
corresponding collisionless GAM damping rate can then be straightforwardly derived and is
given by [2, 9]

—1
T v 2(23/4 + 41 + 1?) oy R
y = —%qR—l; |:1 + (/2420 x 1 exp{—ag g + (1 +21)d]
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is the real frequency of GAM normalized with wy = vii/(q Ro), transit frequency of thermal
ionsandt =T,/ T;.

As k,piq> 2 1 or, equivalently, @gres = @res» higher-order (|I| 3> 1) harmonics of
transit resonances can also contribute to significantly enhance the GAM collisionless damping
rate [2, 3, 10], and no corresponding analytical expression exists due to the nontrivial task of
summing up all the transit resonances. In this work, we adopt, instead, the | res/®d res| <K 1
expansion in addition to the usual 1 > k,pi, ¢ > 1 and T ~ O(1) assumptions and derive
a GAM dispersion relation which is valid for k, ,oitqz > 1,ie. 1> k. py, kr ,oitrl/ 21 /qz.
Note that the GAM dispersion relation in this parameter region is of practical importance,
since equation (1) indicates that GAM typically exists in the ¢ >> 1 tokamak edge region in
order to minimize the ion Landau damping [11]. Furthermore, nonlinear parametric excitation
of GAM by drift waves such as the ion temperature gradient (ITG) instabilities also increases
with &, pi [4]. We, therefore, have also kept (k, pi)? terms in the real frequency of GAM
such that the derived dispersion relation is valid also for the short-wavelength kinetic GAM
(KGAM) [4].

We consider a large aspect ratio axisymmetric tokamak with the equilibrium magnetic
field given by By = By(eg/(1 + e cosf) + (¢/q)es) , where & and 6 are, respectively, the
toroidal and poloidal angles of the torus, ¢ = r/Ry; < 1 is the inverse aspect ratio and
r is the minor radius. The perturbed particle distribution function §f can be expressed as
8f = —eFy8¢/T + expli(mic)/(eB>)k x B - v]6 H,y, where the first term on the right-hand
side is the adiabatic response to the scalar potential 6¢, and the second term, the non-adiabatic
response, satisfies the linear gyrokinetic equation [12, 13]:

9
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where w; = v /q Ry is the transit frequency, wg = @qsin6 = —k,plvt(vi/2+v )/(v Ry) sin 6
is the magnetic drift frequency associated with the geodesic curvature, v, and py are thermal
particle velocity and Larmor radius, Fy is chosen to be Maxwellian at temperature 7', k is the
perpendicular wavenumber and k; = k. for GAM, p_ = mcv, /eB is the Larmor radius and
Jo(k pr) is the Bessel function of zeroth index, describing finite Larmor radius effects (FLR).
Subscripts to represent particle species are suppressed here for simplicity. Diamagnetic effects
are negligible in our present ordering.

Ignoring finite electron Larmor radius and noting w/w¢ ~ \/W < 1, equation (3)
can be readily solved for electrons, and we find 8f. = e(8¢ — 8¢) Fo./ T., where 8¢ is the
magnetic surface averaged §¢. The quasi-neutrality condition thus becomes

%(845 —5¢) = —%aqs + (Jo8Hg/No), )

where Nj is the equilibrium density and (- - -) indicates velocity space integration.

We now adopt the 1 > k.p; > 1/¢% and © ~ O(1) orderings and consider the ions.
In particular, we shall solve equation (3) separately for the non-resonant and resonant ions, i.e.
dHy = 0 Hy ne+8 Hy 5. Note that, since € < 1 and |w| is much larger than the magnetic bounce
frequency, we can ignore trapped-particle effects and assume constant v. For the non-resonant
ions, which involve the bulk thermal ions and determine the real frequency and the mode
structures, we note that |wq/w| ~ |wa/®| ~ kypir < 1 and | /o] ~ |oy/ow| ~ 1/ K 1.
Furthermore, note that the magnetic surface averaged (n = 0,m = 0) potential 8¢ of
GAM is much larger than its poloidal variation, i.e. [5¢| > |5¢ 8¢ — 8¢|. Taking
0Hg o = BHg i + SHSJF + BHé( e +---and 8¢p = 8¢ + 8¢(1) + 8¢ 'y -, the corresponding
gyrokinetic equation for non-resonant ions can then be expanded in terms of the small
parameters &, p; and 1/q as

SH), = —FoJo%, )
WS HL), — (4 — iwdg)s HO), = %FOJW%(”, ©®)
e ~
WS H®, — (g — iwdp)S HL), = FFo.lowaqb(”, 7

and so on. Substituting & Hé"ms into the quasi-neutrality condition, equation (4), we can readily
derive
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in which b = kz,on/Z Note again that |6¢>|/|5¢| l[twa/w| ~ Ob'?1'/%) « 1 is assumed

here. Meanwhile, solving for 8Hg,n)r, we obtain the real part of GAM dispersion relation
including FLR and finite guiding-center drift orbit width (FOW) [2] corrections,

7 V2 v /31 9, vi 23 2
D, =bjyl—|-+7 5 +b s|+-1+77) = ) — +27 + —
4 @’R;  @?*Rj\16 4 o*Ryq* \ 8 2

4 /747 481 35 1
A Y (e T A )
w*RE\ 32 32 8 2




Plasma Phys. Control. Fusion 51 (2009) 012001 Brief Communications

From equation (9), one finds the real frequency of GAM as

7 V2w b (31 9 /(7 -
wr=|-+7 — == —=+-1+7 -+
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The O (b) correction is important when one considers the mode conversion [14, 15] of GAM
to short wavelength KGAM due to singular resonance associated with the GAM continuum
spectrum [4]. Note that the expressions for §¢ and w, are valid as long as 1 > k. p, 1 > 1/q
and bt < 1.

We now consider the resonant ions. Note that, for k, pig? > 1, i.e. k,pgres > 1, the
relevant expansion parameter is then | res/®@d res| ~ |@¢res/w| <K 1. Let

8Hyres = SH ) +SH{ +SHZ +- -+, (11)
the linear gyrokinetic equation for resonant ions can then be expanded as
_ o __° 7y
(w4 — W)dHy s = 7J0F0a)5¢, (12)
(@1 — 0SHD. = i -5 HO — £ Fysp"” (13)
w4 — W g.res — 100t 30 g.res T, ow ’
(@0 — SH?, = i -5 D — % Freobg® (14)
wd gres — 10t 9p° eres T T 0 ’

and so on. The imaginary part of the dispersion relation, meanwhile, is given by

—_ @NO_
D; = Im((Jod H res)) T&iﬁ . (15)
The lowest order solution is obtained from equation (12) as
e J—
SHYO. = —ﬁJOFowd —39. (16)
Note that
do 1 dO 80 — Ores
m [ & - f 46 780 — ), (17)
27 wg — w 2w g cos6

thus velocity space resonance would occur only if |dg| > |@| or (v] /2 +vi)/v} > |o/wal,
wa = kypivic/ Ro, Ores 18 the point that satisfies the resonant condition w = dyq sin 6, and

the dominant contributions come around 8 = —on /2 with 0 = sgn(w/wq). Expanding
(w — &g sin)~! around § = —o /2, the straightforward integration gives
R FoJg /N
Dfo):w/d%A - 09/ L. (18)
|&al'2[2(1&a] — )]V

The integration over the velocity space can be performed by dividing the velocity space into
two parts, |v)/vi| = Q2 and [v/vie| < Q2 in which Q = ow/wq;, and noting that wave-
particle resonance occurs only when (v] /2+v}) /vi > 2 and contributions are highly localized
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around (v} /2 +vj)/v = Q, that is,

Q12
DY _2[ / / dx+/ dy/ dx
7 | J2@—y?) Qi

y (1 — bx?) exp{—x? — y?}
(x2/2 + y2)1/2(x2/2 + y2 _ 9)1/2 :

Noting that |€2] > 1 and including O (b) terms, we have, after some tedious but straightforward
algebra [4],

19)

|

2
DY =2 (1 2 zb) exp {0 0/wy). (20)

Equation (20) corresponds to the ¢ — oo limit. We need to include higher-order corrections in
order to obtain finite g effects and connect with that given by equation (1). From equation (14),
we get the first order correction to the perturbed distribution function:

HO _i( iwwS ) ea)F08¢ ’

= 21
&1 90 \ 2(wq — w)? Ti g — @h

where S = eFy8¢/ T;. The first term on the r.h.s., which is the lowest order correction coming
from finite w, gives no contribution in the magnetic surface average. Meanwhile, the second
term, the lowest order correction to D; due to finite parallel electric field, can be again expanded
around 6 = —o /2 to give

Di(l) =2 (1 — a%> G‘L’—d exp{—ow/wq}. (22)
2w ||
Note that Di(l) contains no g dependence either. We therefore need to go to the next
order. Substituting equation (21) into equation (14), the second order perturbed distribution
function is

iw, 9? iowS e W~
SHO = ——— (——=5 ) - =F 8¢
wg — w 00% \ 2(wg — w) T, wg—w
i 0
w0 iFo 5¢(]) (23)
wg—wdl \T, wg—w

The first term is the second order correction from finite w, and the second term is the second
order correction from the finite parallel electric field. The last term, the lowest order finite wy
correction on the lowest order parallel electric field, can be written as a full derivative, and
thus has no contribution. The second order correction to D; is, thus, given by

1 9t - T 40 cos®6
Di(z) =— —w—Im/d%wlzé)ﬁS/ —
24w dw* 0 2mwg—w

3[40 e ~@ eNo
v o [ LR }/(Tl&ﬁ) 24)

Following the algebraic procedures in the lowest order calculations, Di(z) can be calculated
and is given by

2 4 i
(el o] ) oo o] s
dt !

dt
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Figure 1. GAM/KGAM damping rate versus g. The four curves are, respectively, the numerical
and analytical damping rates with t = 0 and 1.

(This figure is in colour only in the electronic version, see www.iop.org)

Note that Dia) does contain the 1/¢g corrections via wy and thus we can stop the expansion
here.

Finally, the collisionless damping rate of GAM with O (b) and O(1/¢?) corrections can
be obtained from equations (20), (22), (25) and (9) and is given by

2 2 31 9
L:—iexp ol ap (22
o]~ 2b on R \16 " 4

vi (747 481 35, 1, vi (23 T
—2b—— | ==+ =T+ + T | - 2———= | = +2t+ <
o*RE\32 32 8 2 w*Rjg® \ 8 2

2

><{1+iww§(—o%+%>+a@r+(r2+§r+1)ﬁ—zb}. (26)
24 T Oh w 4 w?

We note, again, that this expression of the GAM damping rate is valid for 1 > k,p; > 1/4°

and bt < 1.

We, now compare the analytical results derived here with the numerical results. The
collisionless damping rate of GAM/KGAM versus ¢ is illustrated in figure 1 for the parameters
Ry =171m, By = 15T, T, = 3KeV, T, = tT;, and k, p;, = 0.1375 with deuterium ions.
These parameters are the same as those taken in the TEMPEST simulation [10]. The dashed
and dotted—dashed curves are, respectively, our analytical results for t = 0 and t = 1; the
solid and dotted curves are numerical results according to Gao and co-workers [3, 10] for
T = 0 and t = 1, where a series of higher-order transit harmonics resonances are included
to account for the FOW effect. In the T = 0 case, the numerical result is shown to agree
excellently with the TEMPEST simulation [10]. From figure 1, we see that our analytical
formula predicts damping rates in very good agreement with the numerical result in its validity
regime; ¢ > (k,pi)'/? ~ 3. Note that since the higher-order corrections in w, and y increase
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with T = T,/ T, the agreement between analytical and numerical results is, as expected, better
fort =0thant = 1.

In conclusion, we have derived analytical expressions for the real frequency and damping
rate of GAM, given, respectively, by equations (10) and (26). While the GAM real frequency
expression, equation (10), is valid for 1, /T;/T, > k.py and 1 > 1/q, the damping
rate expression, equation (26), is valid for 1, /T;/T. > k.pi > 1/q*> where higher-
order harmonics of ion transit resonances contribute significantly to the GAM damping.
Combining equation (26) with the previously derived damping rate expression, equation (1),
valid for 1 > 1 /q2 > k,pi where only the low-order harmonics of ion transit resonances
contribute, GAM dispersion relation can then be analytically determined over a broad range

of 1, VT;/T. > k,pyand 1 > 1/q.
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