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Abstract
We analytically derive the structures of the low-frequency shear Alfvén
continuous spectrum due to resonant wave–particle interactions with
magnetically trapped thermal particles in tokamaks. Our theoretical description
asymptotically recovers known results in the relevant limits at both high and
low frequencies; furthermore, it is relevant for assessing the accurate kinetic
structures that are due to shear Alfvén and acoustic wave spectra in toroidal
geometry. Since there is a continuous transition between various shear Alfvén
wave and MHD fluctuation branches in many situations of experimental interest,
the results reported in this work are of practical relevance for their interpretation
when used in the theoretical framework of the general ‘fishbone-like’ dispersion
relation.

1. Introduction

Since the early observation of beta induced Alfvén eigenmodes (BAE) [1, 2], connected with
significant redistribution of supra-thermal ions generated by neutral beam ion (NBI) heating [1],
significant attention has been devoted to exploring low-frequency Alfvénic fluctuations in
toroidal confinement devices. Here, by low frequency we mean |ω| � ωA ≡ vA/qR0, with
vA = B/

√
4π� the local Alfvén speed, � the plasma mass density, q the safety factor and

R0 the torus major radius. In this way, a ‘zoology’ of Alfvénic fluctuations was described
by experimental observations [3], which can all be put in a single and general theoretical
framework [4–12]. Within the ‘Alfvén zoo’ (see [13] for a recent review), ‘low-frequency
specimens’, which have attracted significant attention due to their application as diagnostic
tools [14, 15], are the Alfvén cascades (ACs) [14] observed in JET (also known as reversed
shear Alfvén eigenmodes (RSAEs) [16] from their observation in JT-60U).

A variety of experimental observations have recently renewed the interest in the detailed
structures of the Alfvén continuum at low frequencies: observation of a broad band discrete
Alfvén spectrum (DIII-D with toroidal mode numbers in the range n ∼ 2–40) excited by
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both energetic ions (low-n) and thermal ions (high-n) [17]; evidence of ‘low-frequency
feature’ of ACs [18] and finite frequency fishbone oscillations at the geodesic acoustic
mode (GAM) frequency [19, 20] (JET); BAE excitations by finite amplitude magnetic islands
(FTU [21, 22], TEXTOR [23]); observation in NSTX and JET of beta induced Alfvén
acoustic eigenmodes (BAAEs) [24, 25] at frequencies below the ‘BAE accumulation point’
(|ω| < ωBAE ≈ qωTi ≡ vTi/R0, with ωTi the thermal ion transit frequency, vTi = (2Ti/mi)

1/2

the ion thermal speed, Ti the ion temperature and mi their mass) of the low-frequency shear
Alfvén wave (SAW) continuous spectrum [7]; and more recently the evidence of ‘Sierpes
modes’ in ASDEX Upgrade (AUG) [26, 27], interpreted as BAE excited by energetic ions
generated by ion cyclotron resonance heating (ICRH) [28–30], and of ICRH driven BAE in
Tore Supra [31].

In the same frequency range, it is worthwhile recalling the many observations of GAM
structures in different devices: DIII-D [32], TEXT [33], CHS [34], JIPPT-IIU [35], T10 [36],
JFT-2M [37], AUG [38], HL-2A [39] and TEXTOR [40]. Such structures interact with MHD
and SAW fluctuations and play an important role in the long time scale behavior of burning
plasmas. In fact, at frequencies of the order of the thermal ion transit frequency, MHD as
well as low-frequency SAW fluctuations and drift wave turbulence (DWT) occur on similar
time scales, facilitating cross-scale couplings [9, 11, 41–44] that occur mostly due to their
mutual interactions via zonal flow (ZF) [45] and GAM [46] generation or corrugation of radial
equilibrium profiles [41, 47, 48].

The low-frequency SAW spectrum can be excited by both energetic as well as thermal
particles, as predicted theoretically [7, 8, 49, 50] and confirmed by many recent experimental
observations [17, 27, 31, 51–57]. Energetic ions can also excite GAM via velocity space
anisotropy of their distribution function [58–63]. Meanwhile, there are close relationships
between BAE and GAM spectra, which have lately been emphasized and discussed [8–
10, 12, 64, 65]. These elements are of considerable interest since they confirm the conceptual
framework summarized above for describing mutual interactions of SAW/MHD/DWT on long
time scales.

When the energetic ion drive is sufficiently strong, experimental observations clearly
indicate that there is a continuous transition between various SAW and MHD fluctuation
branches [19, 20, 51, 55, 57], consistent with theoretical predictions [4–6, 66–68]. This
transition can be described by one single and general ‘fishbone-like’ dispersion relation in
the form [4–11]

i�(ω) = δŴf + δŴk, (1)

which is based on the two scale-length essence of singular (inertial/kinetic) and regular (ideal
MHD) structures of the underlying fluctuations. Here, the left-hand side (lhs) is the inertial
(kinetic) layer contribution due to thermal particles, while the right-hand side (rhs) comes
from background MHD and thermal/energetic particle kinetic contributions in the regular
ideal regions. Equation (1) neglects finite ion Larmor radius and magnetic drift orbit width
effects, which are discussed in [49] and more recently in [12, 22]. Note also that equation (1)
was originally derived for modes with dominant flute-like structure (|k‖qR0| � 1) and for
high-n so that ion diamagnetic and transit frequency can be comparable. The inertial layer
contribution is readily extended to either consider the degeneracy removal between poloidal
sidebands parallel wave-vectors at finite |k‖qR0| [28–30, 69] and/or between poloidal sideband
diamagnetic effects at moderate or small poloidal mode number m [20, 29, 30]. With these
extensions, equation (1) describes the entire ‘Alfvén zoology’ of SAW, including BAAE [69]3

3 Reference [69] demonstrates that �2 = k2
‖q2R2

0 , which is the general form of the SAW continuum at low
frequency [7, 49, 50], is also the ‘general dispersion relation applicable for the Alfvén-acoustic continuum’.
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with kinetic singular layer at k‖qR0 = 0 and MHD fluctuations [10, 20]. Equation (1) can then
be straightforwardly generalized to BAAE and other SAW modes at finite |k‖qR0| [5, 6, 8, 9, 11]
following the asymptotic matching procedure used to investigate toroidal Alfvén eigenmodes
(TAEs) [70, 71].

Recent experiments on JET [24, 25, 58, 72] and NSTX [24, 25, 55] as well as DIII-D
[56, 73] show the existence of modes below the accumulation point frequency of the continuous
SAW spectrum at low frequencies (ωBAE). These modes belong to both SAW and GAM spectra,
but we consider them here on the same footing since ωBAE = ωGAM in the long wavelength
limit [8–10], and BAE/GAM fluctuations are distinguishable mainly via mode polarization [8–
10, 12, 64, 65, 74] and excitation mechanism (isotropic versus anisotropic particle distribution
function in velocity space) [7, 12, 49, 50, 58, 59, 75]. Symmetry breaking mechanisms, which
remove the BAE/GAM degeneracy at sufficiently short wavelength, are due to finite ion
diamagnetic frequency [8–10, 65] as well as finite electron magnetic drift frequencies and
finite electron inertia [74]. At |ω| < ωBAE, BAAE modes [24, 25] with generally mixed
Alfvén-acoustic polarizations [24, 25, 64, 74] are also possible.

As discussed above, various physics become important at frequencies that are typically
below ωBAE, such as coupling of SAW with the slow magneto-acoustic wave (SMW) and kinetic
effects due to both circulating as well as trapped particles (ions and electrons) in the long mean
free path collisionless limit [76]. For modes excited near the ‘BAE accumulation point’ of
the low-frequency SAW continuum, taking the fluid limit |ω| � ωTi of kinetic equations is
justified for either Te � Ti or q � 1 [7] since, in these limits, ωBAE � qωTi(7/4+Te/Ti)

1/2 and
magnetic drift ion Landau damping is exponentially small. However, direct comparisons of
kinetic and fluid limit expressions of the SAW continuum accumulation point, �(ω) = 0 from
equation (1), show that the validity range of fluid expressions is very limited [7, 20]. Similar
considerations apply to GAM frequency expressions [65] and follow directly from the argument
on BAE/GAM degeneracy [8–10]. Thus, kinetic theories of both BAE [7, 12, 49, 50, 74, 75]
and GAM [65, 77–79] are generally needed. Kinetic theory is generally needed also for
BAAE [69, 80, 81], since ωBAAE ∼ (Te/Ti)

1/2ωTi from fluid limit estimates and strong wave–
particle resonant interactions are expected.

In general, it is of practical importance to extend theoretical analyses to even lower
frequencies, since there is a continuous transition between various SAW and MHD fluctuation
branches in many situations of experimental interest [19, 20, 51, 55, 57]. When |ω| �
ωBi ≡ (r/R0)

1/2(Ti/mi)
1/2/(qR0) ≈ ε1/2ωTi, trapped thermal ion dynamics and bounce-

averaged trapped thermal electron response become important and need to be taken into
account [20, 29, 30]. Here, ωBi is the bounce frequency of deeply trapped ions between
magnetic mirror points, r is the radial flux coordinate ranging from r = 0 (magnetic axis)
to r = a, with a the plasma minor radius, and ε = r/R0 is the tokamak local inverse aspect
ratio. In this work, we extend previous investigations [7] and generalize the expression of �

in equation (1) to 0 < |ω| < ωBAE by inclusion of trapped particle dynamics. Because of their
small mass, trapped electrons contribute to δŴk via resonant (ω = ωde) as well as non-resonant
responses only via their bounce averaged dynamic behavior, although kinetic layer physics may
be modified at sufficiently short wavelength by finite electron magnetic drift frequencies and
finite electron inertia [74]; bounce-averaged trapped ion dynamics contributes to δŴk as well
and its effect may be of crucial importance in determining the internal kink mode stability
in ITER because of ion Landau damping due to the precession resonance (ω = ωdi) with
thermal ions [82]. Here, ωds (for s = e, i) are the magnetic drift orbit precession frequencies
for electrons and ions; in particular, ωds = ωDsmsv

2/2Ts for deeply trapped particles, where
ωDs = (nq/r)Ts/msR0ωcs and ωcs = esB/msc is the cyclotron frequency of each species.
We treat wave–particle resonant interaction and SAW–SMW coupling on the same footing
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and show that, for |ω| � ωBi, the trapped thermal ion contribution is not only important, but
becomes dominant and of order ε−1/2 with respect to that of circulating particles. Hence, it is
of crucial importance to include trapped thermal ion dynamics for deriving the correct local
dispersion relation for SAW/SMW spectra in toroidal geometry [20, 29, 30].

In this paper, we show that our extended � expression asymptotically recovers known
results: at low frequency, |ω| � ωBi, the Graves and Hastie [83] form of the MHD inertia
enhancement [84–88] is reproduced, whereas at high frequencies, ωBi � ωTi ≈ |ω| � ωA,
the former kinetic theory result of [7] is obtained. As corollaries of our derivation, we confirm
prior results showing BAE/GAM degeneracy in the long wavelength limit [8–10] and the
identity [10, 65] of the MHD inertia enhancement factor to the ZF polarizability induced by
ion temperature gradient (ITG) turbulence [89, 90].

We describe the structures of low-frequency SAW continuous spectrum in low β tokamak
plasmas (β = 8πP/B2

0 ≈ ε2, with P the plasma pressure and B0 the toroidal magnetic
field on axis), taking into account both thermal plasma ion compressibility and diamagnetic
effects, since experimental evidence and theoretical predictions show that this is important
for the dynamics; thus, ω ≈ ω∗pi = (Tic/eiB

2)(k × B) · ∇ ln Pi, where ω∗pi is the thermal
plasma ion diamagnetic frequency. SAW/SMW coupling is treated on the same footing of
kinetic descriptions of both circulating as well as trapped particles, while finite Larmor radius
(FLR) and finite magnetic drift orbit width (FOW) effects are neglected (see [12, 22, 49, 50]
for analyses including FLR/FOW). In this paper we use a simplified model for circulating
and trapped particles, considering the former as well circulating with constant velocity and
the latter as deeply trapped, i.e. characterized by harmonic bounce motion between magnetic
mirror points. Despite this assumption, the theoretical description presented here captures the
essential qualitative features of the relevant wave–particle interactions and correctly reproduces
functional forms of asymptotic limits at both low [83] and high [7] frequencies. A brief but
general discussion of the reason why this is the case is given at the beginning of section 2.
For the sake of simplicity, we also assume high poloidal mode numbers with kinetic singular
layer at k‖qR0 = 0 [7]. This choice allows us to elucidate the important physics effects of
trapped particles on the low-frequency structures of SAW continuous spectrum in toroidal
geometry, while keeping technical difficulties to a minimum. For example, with the extended
� expression of equation (24), it is possible to use equation (1) to describe BAE/BAAE mode
excitations by either thermal (short wavelength) or fast ions (long wavelength) and to compute
the SAW continuum structure by �2 = k2

‖q
2R2

0 , inclusive of diamagnetic, BAE and BAAE
accumulation points. Note, once more, that this is the case for mode structures with kinetic
singular layer at k‖qR0 = 0 and with either small diamagnetic effects or sufficiently high mode
numbers that degeneracy removal between poloidal sidebands is unimportant. In a separate and
more formal and general work, we will analyze the same problem considered here, in which
both circulating and trapped particles are treated in action angle variables, with a realistic
description of particle motion in the whole considered frequency range. In that work, unlike
here, we will also consider the degeneracy removal between poloidal sidebands parallel wave-
vectors at finite |k‖qR0| [28–30, 69] and/or between poloidal sideband diamagnetic effects at
moderate or small poloidal mode number m [20, 29, 30].

This paper is organized as follows. In section 2, we present the kinetic theory of
wave–particle interactions at low frequencies. There, we show how different treatments of
circulating [7] and trapped particles (this work) can be combined in the present theoretical
framework. Section 3 discusses the gyrokinetic equation solution for deeply trapped particles,
using a coordinate transformation from guiding center to banana orbit center [5]. The quasi-
neutrality equation is solved including both circulating and trapped particles. In section 4, the
expression of � is derived, encompassing contributions for circulating and trapped particles.
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The very low frequency and fluid limits are discussed in section 5, with a comparison of present
with previous results in each limit. For the sake of completeness, the general derivation of
asymptotic limiting cases at low (|ω| � ωBi [83]) and high frequencies (ωTi � |ω| � ωA [7])
is given in appendix A. Derivations of modified circulating thermal ion behaviors in the
presence of finite trapped particle fraction are also given in appendix B. Preliminary numerical
studies of analytic results are discussed in section 6, with the aim of elucidating the qualitative
effect of trapped particles on the structure of the shear Alfvén continuous spectrum and on
Alfvén Eigenmode frequencies. Concluding remarks are finally given in section 7.

2. Theoretical model

The main scope of this work—as discussed in the introduction—is to extend previous
investigations of the inertial/kinetic layer response [7] and generalize the expression of �

in equation (1) to 0 < |ω| < ωBAE by inclusion of trapped particle dynamics [20, 29, 30].
Inertial/kinetic layer mode properties are intimately related to particle magnetic drifts [8] and
can be understood as response to perpendicular (radial) and parallel electric field. Due to
the sharply varying radial mode structures in the layer region, geodesic curvature particle
drifts dominate perpendicular dynamics, in which wave–particle interactions enter only via
precession-bounce (for trapped particles) and transit resonances (for circulating particles).
This fact can be readily verified, since ωdg = k · vdg = −i(v‖/ωc)∇ × (bv‖) · ∇r∂r , with vdg

the geodesic particle magnetic drift velocity, v‖ the parallel (to B) speed, ωc = eB/(mc)

the cyclotron frequency of a particle of charge e and mass m and b = B/B. We also
employ straight magnetic field line toroidal coordinates (r, ϑ, ζ ), with r the radial-like flux
coordinate, ϑ the poloidal angle and ζ the generalized toroidal coordinate chosen such that
q = B · ∇ζ/B · ∇ϑ = q(r). Thus,

ωdg = −i
v‖B
ωc

∂

∂�

(
b · ∇r × ∇ϑ

b · ∇ϑ

v‖
B

)
∂

∂r
,

where ∂/∂� = b · ∇ = (1/B)(∇ψp × ∇ϑ · ∇ζ )∂/∂ϑ and ψp is the poloidal magnetic
flux. From the last expression, it is evident that geodesic particle magnetic drifts do not
enter bounce-averaged dynamics (

∮
d�/v‖(...) on closed equilibrium particle orbits); i.e.

perpendicular dynamics is dominated by ions, for they have larger characteristic orbit size,
while electrons—with their fast bounce/transit motion (|ω| � ωBe < ωTe)—respond as
massless fluid to perpendicular ion charge separation [8] by sustaining a parallel electric field
with periodic structure along the magnetic field lines to ensure overall charge neutrality. As
further consequence of this argument, one readily concludes that wave–particle interactions
via precession resonance in the layer region should enter via bounce-averaged dynamics, i.e.
via the ‘flute-like’ component of the parallel electric field slowly varying along B.

These conclusions are confirmed by the derivations reported in section 3, which apply to
our present model equilibrium and simplified description of particle motions; however, they
are generally valid for arbitrary equilibria and precise representation of particle orbits. For this
reason, the results of this work capture the essential qualitative features of the relevant wave–
particle interactions and correctly reproduce functional forms of asymptotic limits at both
low [83] and high [7] frequencies, as anticipated in the introduction. The evident limitation of
our analysis is due to the approximated description of the particle phases space, especially when
the behavior of barely trapped/circulating particles becomes important. This is known to be the
case, e.g., in the presence of strong pressure gradients (such as with internal transport barriers)
and/or with negative or strong magnetic shear. In those conditions, theoretical results presented
here should not be used in the precession frequency range and may be misleading since they
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neglect important aspects of precession frequency dependence on local equilibrium parameters
and could never account, e.g., for reversal of particle toroidal precession. These aspects will
be more thoroughly addressed in a separate work, at the expense of a more complicated formal
theoretical description.

In this work, we consider a low β ≈ ε2 axisymmetric tokamak plasma equilibrium with
shifted circular flux surfaces, where magnetic shear s = rq ′/q and α = −R0q

2β ′ define a
two-parameter set of plasma equilibria [91] and prime denotes derivation with respect to r .
Furthermore, for the sake of simplicity as anticipated in section 1, we treat all trapped particles
as deeply trapped (i.e. characterized by harmonic motion between magnetic mirror points)
and consider circulating particles as well circulating (i.e. characterized by constant parallel
velocity).

The plasma is described by three fluctuating scalar fields [92, 93]: the scalar potential
perturbation δφ, the perturbed parallel magnetic field δB‖ and the perturbed field δψ , defined
in terms of the parallel vector potential:

δA‖ = −i
( c

ω

)
b · ∇δψ.

With this representation, the parallel perturbed electric field is δE‖ = −b · ∇(δφ − δψ). The
ideal magnetohydrodynamic (MHD) limit is obtained for δE‖ = 0, i.e. setting δφ = δψ .

The perturbed particle distribution function can be expressed as [92, 93]

δfs =
( e

m

)
s

[
∂f0

∂ε
δφ − J0(k⊥ρL)

Qf0

ω
eiLk δψ

]
s

+ eiLks δKs,

where s = i, e is the species index, es the electric charge, f0s the equilibrium distribution
function, ε = v2/2 the energy per unit mass, J0 the Bessel function of zero order, k⊥ the
perpendicular (to b) wave number, ρL the Larmor radius and Qf0s = (ω∂ε + ŵ∗)sf0s , where
ŵ∗sf0s = (msc/esB)(k × b) · ∇f0s and Lks = (msc/ecB)(k × b) · v.

In this paper we will closely follow the procedure presented in [7]. Adopting the ballooning
formalism [91] in the space of the extended poloidal angle θ , the particle distribution function
can be calculated from the gyrokinetic equation [93]

[v‖b · ∇ − i(ω − ωd)]sδKs = i(es/ms)Qf0sJ0(λ)
[ωds

ω
δψ + (δφ − δψ)

]
, (2)

where λ = k⊥v⊥/ωc, ωd = k · vd is the drift frequency and vd = b × k(µB + v2
‖)/ωc the

magnetic drift velocity. In equation (2), we have excluded the fast magneto-acoustic waves
by assuming perpendicular pressure balance [8, 93]. Explicitly solving for δB‖ and using the
plasma equilibrium condition, one can show that it is correct to ignore δB‖ provided that ∇B

drift is substituted by curvature drift in the vd expression [8, 93].
The governing equations for the two fields δφ and δψ are the coupled vorticity equation

and quasi-neutrality condition [92, 93]. The first one reads [5, 7]:

Bb · ∇
[

1

B

k⊥2

kϑ
2 b · ∇δψ

]
+

ω2

v2
A

(
1 − ω∗pi

ω

) k2
⊥

k2
ϑ

δφ +
α

q2R2
g(θ)δψ

=
〈∑

s

4πes

k2
ϑc2

J0(k⊥ρLs)ωωdsδKs

〉
, (3)

where 〈(...)〉 = ∫
dv(...) denotes integration in velocity space, b · ∇ = (qR0)

−1∂θ ,
k2
⊥/k2

ϑ = 1 + k2
r /k2

ϑ = 1 + (sθ − α sin θ)2, kr and kϑ are radial and poloidal
wave-numbers, respectively, g(θ) = cos θ + [sθ − α sin θ ] sin θ , ω∗ps = ω∗ns + ω∗Ts ,
ω∗ns = (Tsc/esB)(k × b) · ∇(ns)/ns, ω∗Ts = (Tsc/esB)(k × b) · ∇(Ts)/Ts and ns is the
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species’ particle density. Meanwhile, the quasi-neutrality condition can be put in the following
form: (

1 +
1

τ

)
(δφ − δψ) +

(
1 − ω∗pi

ω

)
biδψ = Ti

ne
〈J0(k⊥ρLi)δKi − δKe〉, (4)

where τ = Te/Ti , bi = k2
⊥(mic

2Ti/e
2B2) and n = ne = ni. In equation (3),

∑
s is generally

extended to all ion species (thermal and energetic); however, we limit our present treatment
to one thermal ion species only with unit electric charge. Meanwhile, neglecting FLR/FOW
corresponds to taking J0(k⊥ρLi) = 1 and bi = 0 in equations (3) and (4).

Given the coupled system of equations (3) and (4), equation (1) is obtained by asymptotic
matching of kinetic (inertial) layer and ideal region solutions. The kinetic layer is characterized
by sharply varying radial structures, with k2

⊥/k2
ϑ � 1 or, equivalently s2|θ |2 � 1. For

|s| = O(1), the kinetic layer corresponds to |θ | = O(β−1/2), since the optimal frequency
ordering |k‖|vA ≈ ωTi implies |k‖|qR0 ≈ |θ |−1 ≈ β1/2 [7], with k‖ the parallel (to b) wave
vector. For large |θ | = O(β−1/2), the fluctuating fields show a two-scale behavior: they vary
on a short scale θ0 ≈ 1 and on a long scale θ1 ≈ O(β−1/2). For convenience, we will work
with the rescaled potentials δ� = (k⊥/kϑ)δφ and δ� = (k⊥/kϑ)δψ , and represent them
both as asymptotic series in powers of β1/2; e.g., δ� = δ�(0) + δ�(1) + δ�(2) + · · · , where
δ�(1) = O(β1/2), δ�(2) = O(β) , etc.

The asymptotic expansion in powers of β1/2 is strictly applicable for circulating particles
and the optimal frequency ordering ω ≈ ω∗pi ≈ ωTi [7]. At lower frequencies and when trapped
particles are considered, this ordering changes and depends on the considered frequency range.
Nonetheless, the asymptotic approach remains valid provided that the two-scale behavior of the
fluctuating fields is preserved and |θ1/θ0| � 1. Then, strictly speaking, the asymptotic series is
to be intended formally as an expansion in the smallness parameter θ0/θ1. The actual scaling of
this parameter with the physical quantities of the system can be obtained a posteriori, although
a generic ordering can be obtained assuming |k‖|vA ≈ |ω|, yielding |θ1/θ0| ≈ |ωA/ω| � 1.
Determining the kinetic (inertial) layer contribution ∝ � in equation (1) corresponds to
reducing the coupled equation (3) and (4) to the form(

∂2
θ1

+ �2
)
δ�(0) = 0,

as demonstrated in section 4. As a first step towards showing this, in section 3 we solve the
gyrokinetic equation equation (2) for deeply trapped particles.

3. Solutions of the gyrokinetic equation

In this section, we solve equation (2) for deeply trapped particles: the solution for well
circulating particles can be found in [7].

For large aspect ratio tokamaks ε � 1 and thus the magnetic field is B ≈ B0(1− ε cos θ).
The parallel velocity is then v2

‖ = 2[ε − µB0(1 − ε cos θ)]. Since we treat all trapped
particles as deeply trapped, the latter equation can be written as v‖ = θbωbqR0 cos η, where
θ2

b = 2[ε − µB0(1 − ε)]/εµB0 is the particle bounce angle (θ = ±θb defines the magnetic
mirror points), and ωb = (εµB0)

1/2/qR0 is the particle bounce frequency. For deeply trapped
particles, we have introduced the notation θ0 = θb sin η, where η is the phase angle of harmonic
oscillations on the banana orbit and θ0 is the fast variation scale of the mode structures (see
section 2). Thus, for deeply trapped particles we have ωd = ωd(1 + ξθb sin η) , where
ξ = (i/nq)r∂/∂r = −(r/nq)kr ≈ θ1. For consistency of our two-scale asymptotic approach
(see section 2), we assume θb ≈ θ0/θ1, so that ξθb ≈ 1 when considering the kinetic (inertial)
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layer. Moving to the banana orbit center frame [5, 94]

δK = exp

(
i
ωd

ωb
ξθb cos η

)
δKb = (

�hi
hJh(λb)e

−iηh
)
δKb. (5)

Here, δKb is the particle distribution function in the banana orbit center reference frame,
λb = θb(ωd/ωb)ξ , and Jh(λb) are Bessel functions. For small banana width, λb � 1, and we
can approximate J0(λb) ≈ 1 and J1(λb) ≈ λb/2. Meanwhile, v‖∂/∂� = ωb∂/∂η for deeply
trapped particles and thus

[ωb∂η − i(ω − ωd)]δKb = i
e

m
Qf0�h(−i)heiηhJ0(λ)Jh(λb)

× kϑ

k⊥

[
δ� − δ� +

ωd

ω
(1 + ξθb sin η)δ�

]
.

The latter equation is an ordinary differential equation in η space, which is solved
by expanding δ� = δ�(0) + δ�(1) and δ� = δ�(0) + δ�(1). It is easy to show that
δ�(0) = δ�(0)(θ1) and δ�(1) = 0, using the vorticity equation [7]. Following [7], we also know
that—for ω ≈ ω∗pi ≈ ωTi—the lowest order solution for δ� is δ�(0) = δ�(0)(θ1); meanwhile,
using the fact that ωdi/ωTi ≈ θ0/θ1, δ�(1) = δ�s(θ1) sin θ0 + δ�c(θ1) cos θ0 � δ�s(θ1) sin θ0,
where δ�s(θ1) and δ�c(θ1) vary only on a long scale θ1 and δ�s(θ1) ≈ ξδ�c(θ1), hence
|δ�s(θ1)| � |δ�c(θ1)|. Since we consider only deeply trapped particles (cos θ0 ≈ 1 and
sin θ0 ≈ θ0), we can write δ�(1) = δ�sθb sin η. At lower frequencies and when deeply
trapped particles are included, direct inspection of equations (3) and (4) shows that one can
still assume δ� � δ�(0)(θ1) + δ�s(θ1) sin θ0, where now δ�s ≈ δ�(0) at ω ≈ ωdi. That this
solution satisfies equations (3) and (4) can also be verified a posteriori. Thus, our asymptotic
approach can be used in the whole frequency range 0 < |ω| � ωA.

Because the trapped particle fraction is of order ε1/2 and λb � 1, equation (5) at lowest
and relevant order gives δK � δKb. Recalling that ωbe is very large, we find that the fluctuating
electron response is given by the bounce-averaged response

δKe = −Qf0e

( e

m

)
e

kϑ/k⊥
ω − ωde

[
ωde

ω
δ�(0) + δ�(0) − δ�(0)

]
(6)

as long as finite electron inertia is neglected consistently, considering sufficiently long space-
scales (see [74] for a more detailed discussion of this effect). Meanwhile, the trapped thermal
ion response is obtained in the following form:

δKi = −Qf0i

( e

m

)
i

kϑ/k⊥
ω − ωdi

[
ωdi

ω
δ�(0) + δ�(0) − δ�(0)

]

− Qf0i

( e

m

)
i

kϑ/k⊥
(ω − ωdi)2 − ω2

b

[
ωdiξδ�(0) + (ω − ωdi)δ�s

]
sin θ. (7)

In equation (7) we have omitted all odd terms in velocity space, since they will cancel in the
upcoming integrations. Substituting these expressions in the quasi-neutrality equation and
separating the sinusoidal and constant (‘flute-like’) terms, we arrive at(

1 +
1

τ

) (
δ�(0) − δ�(0)

) = Ti

eNi

〈
Qf0e

( e

m

)
e

1

ω − ωde

(
ωde

ω
δ�(0) + δ�(0) − δ�(0)

)〉
tra

× Ti

eNi

〈
−Qf0i

( e

m

)
i

1

ω − ωdi

(
ωdi

ω
δ�(0) + δ�(0) − δ�(0)

)〉
tra

+
Ti

eNi

〈
−Qf0i

ω

( e

m

)
i

(
δ�(0) − δ�(0)

)〉
cir

(8)

8
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and(
1 +

1

τ

)
δ�s = Ti

eNi

〈
−Qf0i

( e

m

)
i

1

(ω − ωdi)2 − ω2
bi

(
ωdiξδ�(0) + (ω − ωdi)δ�s

)〉
tra

+
Ti

eNi

〈
−Qf0i

( e

m

)
i

1

ω2 − ω2
ti

(
ωdiξδ�(0) + ωδ�s

)〉
cir

, (9)

where δK
(0)

i and δK
(1)

i for circulating particles are extracted from the particle response as
follows [7]:

δK
(0)

i, cir = −
( e

m

)
i

Qf0i

ω

kϑ

k⊥
(δ�(0) − δ�(0)) (10)

and

δK
(1)

i, cir = −
( e

m

)
i
Qf0i

1

ω2 − ω2
ti

kϑ

k⊥
(ωdiξδ�(0) + ωδ�s) sin θ0. (11)

We first consider trapped particle velocity space integrations in equations (8) and (9). For
trapped particles the integration in the velocity space can be written as

〈(...)〉tra = 2π
∑

σ=±1

∫ ∞

0
dε

∫ ε/B

ε/Bmax

B

|v‖| (...) dµ,

with Bmax = B0(1 + ε) the maximum magnetic field value on the flux surface, while
Bmin = B0(1 − ε). Since equations (6) and (7) do not explicitly depend on θb, for deeply
trapped particles we can approximately write (see appendix A)

〈(...)〉tra � 8πε1/2
∫ ∞

0
ε1/2dε cos(θ/2)(...) � 8πε1/2

∫ ∞

0
ε1/2dε(...).

We also note that in equation (9) θ cos(θ/2) � sin θ has been consistently assumed for
deeply trapped particles. To proceed further, we assume a Maxwellian distribution function
f0s = Ns/(2πεTs)

3/2e−ε/εTs , for s = i, e, where we have denoted with Ns = n the particle
density and εTs = Ts/ms the thermal energy of each species. Then equation (8) can be readily
solved, leading to(

1 +
1

τ

) (
δ�(0) − δ�(0)

) =
(

1 −
√

2ε
) (

1 − ω∗ni

ω

) (
δ�(0) − δ�(0)

)
+

√
2ε

[
M

(
ω

ωDi

)
+

1

τ
M

(
ω

ωDe

)]
(δ�(0) − δ�(0))

+
√

2ε

[
L

(
ω

ωDi

)
+

1

τ
L

(
ω

ωDe

)]
δ�(0), (12)

where

M

(
ω

ωDi

)
= −2

ω

ωDi

{(
1 − ω∗ni

ω
+

3

2

ω∗Ti

ω

)[
1 +

√
ω

ωDi
Z

(√
ω

ωDi

)]

− ω∗Ti

ω

[
1

2
+

ω

ωDi
+

(
ω

ωDi

)3/2

Z

(√
ω

ωDi

)]}
(13)

and

L

(
ω

ωDi

)
= −2

{(
1 − ω∗ni

ω
+

3

2

ω∗Ti

ω

)[
1

2
+

ω

ωDi
+

(
ω

ωDi

)3/2

Z

(√
ω

ωDi

)]

− ω∗Ti

ω

[
3

4
+

1

2

ω

ωDi
+

(
ω

ωDi

)2

+

(
ω

ωDi

)5/2

Z

(√
ω

ωDi

)]}
(14)

9
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with Z(x) = 1/
√

π
∫ ∞
−∞ e−y2

/(y − x) dy, while M(ω/ωDe) and L(ω/ωDe) are obtained from
equations (13) and (14) by substitution ωDi, ω∗ni, ω∗Ti → ωDe, ω∗ne, ω∗Te. The normalization
factor (1−√

2ε) in equation (12), accounts for the reduced circulating particle population in the
presence of trapped particles (see appendix B). Expanding the Z function for |ω| � |ωDi|, we
obtain M(ω/ωDi) → (1 − ω∗ni/ω), while L(ω/ωDi) tends to 0 as ωDi/ω. Thus equation (12)
reduces to (

1 +
1

τ

) (
δ�(0) − δ�(0)

) =
(

1 − ω∗ni

ω

) (
δ�(0) − δ�(0)

)
.

This is the same result obtained by Zonca and Chen [7], for circulating particles only, and
gives the solution δ�(0) = δ�(0) which is the MHD limit of the theory, describing the
plasma as a perfect conductor with vanishing parallel electric field. In general we can write
δ�(0) = I�(ω/ωDi, ω/ωDe)δ�

(0), with

I�

(
ω

ωDi
,

ω

ωDe

)
= 1 +

√
2ετ

(
L(ω/ωDi) + τ−1L(ω/ωDe)

)
1 + τω∗ni/ω +

√
2ετ

[
1 − ω∗ni/ω − M(ω/ωDi) − τ−1M(ω/ωDe)

]
(15)

describing the non-vanishing ‘flute-like’ component of the parallel electric field due to the
effect of trapped thermal particle precession resonance, which becomes negligibly small
for |ω| � |ωDi|, |ωDe|. As we will demonstrate in the following and consistently with the
discussion at the beginning of section 2, I�(ω/ωDi, ω/ωDe) defined in equation (15) describes
the only process through which thermal particle precession resonance can directly affect
the kinetic layer response, which is otherwise dominated by geodesic curvature couplings,
depending on thermal ion precession-bounce or transit resonances. This effect is generally
small for |ω| � |ωDi|, |ωDe| and it is possible to consider I�(ω/ωDi, ω/ωDe) � 1 for a
non-vanishing denominator in equation (15).

Equation (9) is more difficult to solve since both the precession and the bounce frequency
are functions of the energy of the particles: ωd ∝ ε , and ωb ∝ ε1/2. The integrals coming
from angular brackets have the following form:

Gn = 1

π1/2

∫ ∞

−∞

e−x2
xn

(ω/ωDi − x2)2 − (ωBi/ωDi)2x2
dx,

for n = 2, 4, 6, 8. Note that, here, we have made explicit all dependences on ωDi and ωBi as
the deeply trapped ion thermal precession and bounce frequencies. In order to evaluate these
integrals we introduce

�1 =
ωBi

ωDi
+

√(
ωBi

ωDi

)2

+ 4
ω

ωDi

2
and

�2 =
−ωBi

ωDi
+

√(
ωBi

ωDi

)2

+ 4
ω

ωDi

2
.

The Gn integrals have the following functional forms:

G2 = ωDi/ωBi

�1 + �2
[�1Z(�1) − �2Z(�2)] ,

G4 = ωDi/ωBi

�1 + �2

[
�2

1 − �2
2 + �3

1Z(�1) − �3
2Z(�2)

]
,

10
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G6 = ωDi/ωBi

�1 + �2

[
(1/2)(�2

1 − �2
2) + �4

1 − �4
2 + �5

1Z(�1) − �5
2Z(�2)

]
,

G8 = ωDi/ωBi

�1 + �2

[
(3/4)(�2

1 − �2
2) + (1/2)(�4

1 − �4
2) + �6

1 − �6
2 + �7

1Z(�1) − �7
2Z(�2)

]
.

Finally equation (9) gives:

δ�s = −
N1

(
ω

ωTi

)
+ �N1

(
ω

ωTi

)
+

√
2εP2

(
ω

ωDi
,
ωBi

ωDi

)

1 +
1

τ
+ D1

(
ω

ωTi

)
+ �D1

(
ω

ωTi

)
+

√
2ε

[
P1

(
ω

ωDi
,
ωBi

ωDi

)
− P2

(
ω

ωDi
,
ωBi

ωDi

)]ξδ�(0),

(16)

where P1(ω/ωDi, ωBi/ωDi) and P2(ω/ωDi, ωBi/ωDi) come from the trapped particles dynamics
and can be calculated as

P1(ω/ωDi, ωBi/ωDi) = −2
ω2

ω2
Di

[(
1 − ω∗n

ω
+

3

2

ω∗T

ω

)
G2 − ω∗T

ω
G4

]
,

P2(ω/ωDi, ωBi/ωDi) = −2
ω

ωDi

[(
1 − ω∗n

ω
+

3

2

ω∗T

ω

)
G4 − ω∗T

ω
G6

]
.

On the other hand, the functions

D1(x) = x
(

1 − ω∗ni

ω

)
Z(x) − ω∗Ti

ω
x[x + (x2 − 1/2)Z(x)] (17)

and

N1(x) = 2(ωDi/ωTi)N(x),

where

N(x) =
(

1 − ω∗ni

ω

)
[x + (1/2 + x2)Z(x)] − ω∗Ti

ω
[x(1/2 + x2) + (1/4 + x4)Z(x)], (18)

come from the circulating particles dynamics [7]. Meanwhile, the functions �N1(x) and
�D1(x) account for circulating particle dynamic modification due to finite trapped particle
fraction; in appendix B, it is shown that they are given by

�D1(x) = x

π1/2

∫ ∞

0
e−y ln

(
x +

√
2εy

x − √
2εy

)[
1 − ω∗ni

ω
− ω∗Ti

ω

(
y − 3

2

)]
dy, (19)

�N1(x) = ωDi/ωTi

π1/2

∫ ∞

0
ye−y ln

(
x +

√
2εy

x − √
2εy

)[
1 − ω∗ni

ω
− ω∗Ti

ω

(
y − 3

2

)]
dy. (20)

For brevity, from now on we will use the notation δ�s = S(ω, ωDi, ωBi, ωTi)ξδ�(0) to indicate
the relation in equation (16).

4. Kinetic layer wave equation and expression of Λ

Following [7], we find the vorticity equation at second order in the asymptotic expansion in
the form:
∂2

∂θ2
0

δ�(2) +
∂2

∂θ2
1

δ�(0) +
ω2

ω2
A

(
1 − ω∗pi

ω

)
δ�(0) =

∑
s

kϑ

k⊥

〈
4πωes

k2
ϑc2

q2R2
0ωdsδKs

〉
.

The integration within the brackets can be separated in circulating and trapped particles velocity
space: 〈

ωdδK
〉 = 〈

ωdδK
〉
cir +

〈
ωdδK

〉
tra.

11
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Keeping only the constant (‘flute-like’) term in the equation, we obtain

∂2

∂θ2
1

δ�(0) +
ω2

ω2
A

(
1 − ω∗pi

ω

)
I�δ�(0) + �2

cirI�δ�(0) =
∑

s

4πes

k2
⊥c2

q2R2
0

〈
ωωds(k⊥/kϑ)δKs

〉
tra,

where

�2
cir = q2 ωωTi

ω2
A

[(
1 − ω∗ni

ω

)(
F

(
ω

ωTi

)
+ �F

(
ω

ωTi

))
− ω∗Ti

ω

(
G

(
ω

ωTi

)

+�G

(
ω

ωTi

))
+

ωωTi

4ω2
Di

(
N1

(
ω

ωTi

)
+ �N1

(
ω

ωTi

))
S(ω, ωDi, ωBi, ωTi)

]
circ. only−→ q2 ωωTi

ω2
A

[(
1 − ω∗ni

ω

)
F(ω/ωTi) − ω∗Ti

ω
G(ω/ωTi) − N2(ω/ωTi)

D(ω/ωTi)

]
reduces to the circulating particle response as calculated by Zonca and Chen [7]. The functions
within the brackets are:

F(x) = x
(
x2 + 3/2

)
+
(
x4 + x2 + 1/2

)
Z(x),

G(x) = x
(
x4 + x2 + 2

)
+
(
x6 + x4/2 + x2 + 3/4

)
Z(x),

D(x) =
(

1

x

)(
1 +

Ti

Te

)
+
(

1 − ω∗ni

ω

)
Z(x) − ω∗Ti

ω

[
x +

(
x2 − 1/2

)
Z(x)

]
, (21)

while N(x) is given by equation (18) and �F(ω/ωTi) and �G(ω/ωTi) describe, as for
equations (19) and (20), the circulating particle dynamic modification due to finite trapped
particle fraction (see appendix B):

�F(x) = 1

π1/2

∫ ∞

0
e−y ln

(
x +

√
2εy

x − √
2εy

)
y2

4
dy, (22)

�G(x) = 1

π1/2

∫ ∞

0
e−y ln

(
x +

√
2εy

x − √
2εy

)
y2

4

(
y − 3

2

)
dy. (23)

Since the kinetic layer wave equation is in the form (∂2/∂θ2
1 )δ�(0) +�2δ�(0) = 0, the general

expression of �2 can be written as

�2/I� = ω2

ω2
A

(
1 − ω∗pi

ω

)
+ �2

cir + �2
tra,

where �2
traδ�

(0) = −∑
s(4πes)/(k

2
⊥c2)q2R2

0

〈
ωωds(k⊥/kϑ)δKs

〉
tra is the trapped particle

contribution only and the bar denotes ‘flux surface averaging’.
We note that �2

tra contains the factor 1/k2
⊥. In the inertial layer region, |k⊥/kϑ | has a

large value and only the terms containing ξ 2 = k2
r /k2

ϑ will contribute to the final result since
in this region k⊥ ≈ kr . The δ�s term in equation (7) is proportional to ξ so this term will
enter the final relation. On the other hand, terms proportional to 1/(ω − ωd) in equations (6)
and (7) will not contribute for either electrons or for ions. Hence, we conclude that there are
no precession frequency resonance effects and no electron contributions in the layer region,
other than those discussed in connection with equation (15). Electron dynamics enters via the
τ = Te/Ti factor in the quasi-neutrality equation, which describes the electron response to the
ion motion. The fact that only terms containing ξ = kr/kϑ contribute to the kinetic (inertial)
layer physics shows that the general response is related to the drift velocity modulation due to
the geodesic curvature, while the normal curvature effects appear solely in the ideal region or
via I�. These considerations lead to the following final form of �2:

�2/I� = ω2

ω2
A

(
1 − ω∗pi

ω

)
+ �2

cir +
ω2ω2

Bi

ω2
Aω2

Di

q2

√
2ε

[P3 + (P2 − P3)S(ω, ωDi, ωBi, ωTi)] , (24)

12
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where

P3 = −2

[(
1 − ω∗n

ω
+

3

2

ω∗T

ω

)
G6 − ω∗T

ω
G8

]
.

This expression can be used in the general fishbone-like dispersion relation, equation (1), for
describing a variety of shear Alfvén modes in a wide frequency range, from 0 to ωBAE. Note
that equation (24), similarly to equation (15), is valid up to O(ε1/2) with respect to the leading
order, for consistency of our asymptotic approach. For low toroidal numbers and/or finite
k‖qR0, we also need to consider the degeneracy removal between poloidal sidebands (see
section 1). The drawback of this dispersion relation is that it treats all particles as either deeply
trapped or circulating with constant velocity.

In the next section we will show that the circulating particles contribution is much larger
than that of the trapped particles when ω > ωTi. The opposite is true when ω < ωBi. Treating
the particles in action angle space with the real motion removes the problem of the deeply
trapped/well circulating particle approximation adopted here. It should also be noted that
effects of trapped and circulating particles are not merely additive, since both types appear in
δ�s , which enters in both �2

cir and �2
tra. This confirms the fact that the dynamics response of

the two types of particles is deeply connected.
The effects of the ω = ωdi ± ωbi resonances in the kinetic layer are included in the

Z(�1,2) functions; meanwhile, the ω = ωdi and ω = ωde resonances, except for the I� term
as mentioned above, appear only in the ideal region and are mostly driven by the normal
curvature, unlike the former.

5. Limiting cases and connection with GAM

For very low frequencies |ω| � ωBi it is easy to show that

δ�s ∼
√

2ε
ωωDi

ω2
Bi

ξδ�(0) � ξδ�(0).

This means that S(ω, ωDi, ωBi, ωTi) → 0 and thus the main contribution in �2
tra comes from

the P3 function in equation (24). The low-frequency limit of equation (24)

�2/I� � ω2

ω2
A

(
1 − ω∗pi

ω

)(
1 +

15

16

√
2q2ε−1/2 + 0.5q2

)
(25)

is then easily obtained by setting ω → 0 in �2
cir [7] and �2

tra. The (15/16)
√

2q2ε−1/2 comes
from the trapped particles response, accounting for (3/4)

√
2q2ε−1/2, and from the circulating

particle response near the trapped to passing boundary, accounting for (3/16)
√

2q2ε−1/2.
In this sense, we could interpret this last contribution as that of barely circulating particles,
although all circulating particles are assumed to have v‖ = const in our model. Meanwhile,
0.5q2 is the circulating particles response and I� � 1. Remembering that ε−1/2 � 1, this
result confirms that the trapped particles contribution is dominant in this region, thus justifying
the necessity of retaining their effect in the analysis.

The result of equation (25) can be compared with the low-frequency MHD result by Graves
and Hastie [83]:

�2 = ω2

ω2
A

(
1 − ω∗pi

ω

)
(1 + 1.6q2ε−1/2 + 0.5q2). (26)

The difference between the factors 1.6 and (15/16)
√

2 ≈ 1.3 in the two equations is due to the
treatment of all particles as deeply trapped/well circulating. Note also that, of the factor 1.6,

13
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� 1.2 is due to trapped while � 0.4 is due to barely circulating particles [10]; thus, the present
estimate based on deeply trapped/well circulating particles compares well with the expected
results based on exact trapped particle orbits (see appendix A). Taking into account the exact
bounce/transit motion of the particles produces elliptic integrals in the velocity space and gives
the same result as [83] (see appendix A).

The high-frequency (fluid) limit can be obtained by setting |ω| � ωTi in both �2
cir and

�2
tra. If we consider only circulating particles, then the kinetic (inertial) layer response can be

written as [7]

�2
cir = − ω2

ω2
A

q2 ω2
Ti

ω2

[(
7

4
+ τ

)
− 3

4

√
2ε

(
5

4
+ τ

)]
(27)

for ω∗pi/ω → 0. Note that the ∝ √
2ε terms describe the modified circulating particle response

only, since the S(ω, ωDi, ωBi, ωTi) function becomes independent of
√

2ε at high frequency,
as it is easily verified from equation (16). Following the same procedure and expanding the
final result in ωBi/ω → 0 we get

�2
tra = −3

4

√
2ε

ω2

ω2
A

q2 ω2
Ti

ω2

(
5

4
+ τ

)
, (28)

the final line being obtained by setting ω∗pi/ω → 0 and ω2
B = εω2

T/2 for thermal ion
frequencies. As expected, we find that the trapped particles effect if of order

√
2ε with respect

to that of the circulating particles and cancels the ∝ √
2ε terms in the circulating particle

response at high frequency (see appendix B). Combining the two results, this gives [7]

�2 = ω2

ω2
A

[
1 − q2 ω2

Ti

ω2

(
7

4
+ τ

)]
. (29)

This result on the shear Alfvén continuous spectrum accumulation point (� = 0) at high
frequency shows that trapped particles do not appreciably alter the dynamics for |ω| � |ωTi|.
In fact, they introduce an O(ε) frequency shift, whereas they provide the dominant contribution
to the plasma inertia at low frequency for |ω| � |ωBi| [83]. These considerations are readily
extended to GAM, by invoking the degeneracy of BAE and GAM spectra in the long wavelength
limit (� = 0 and ω∗pi = 0) [8–10, 42]. Based on our present findings, we may conclude that
the GAM frequency shift due to trapped particles is O(ε).

6. Numerical studies of analytic expressions

The limiting expressions derived above and in appendix A, namely equations (25)–(29), are
valid in the asymptotic sense; thus, it is important to quantitatively determine how reliable
they are. Furthermore, it is difficult to visualize the effect of trapped particle dynamics on the
low-frequency SAW continuous spectrum, due to the complicated form of equation (24). For
these reasons, in this section we briefly present some numerical studies of analytic expressions
based on equation (24), with the aim of discussing the effect of trapped particles on the structure
of the continuous spectrum and on gap modes frequencies.

In general, being the form of the SAW continuous spectrum expressed in terms of
transcendental functions, we can expect that there exists an infinite number of roots for the
accumulation points (�2 = 0). This is the case even for the simpler �2 expression derived
earlier, assuming only well circulating thermal ions [7]. From the physical point of view,
this multitude of accumulation points is not an issue: what one can certainly state is that only
accumulation points which are closest to the real axis (least damped) should be relevant. For
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example, the BAAE accumulation point at k‖qR0 = 0, obtained in [69, 81] with the expression
�2 used in [7], is significantly more damped than the BAE accumulation point. What eventually
determines which branch of the low-frequency SAW-SMW spectrum is preferentially excited
is equation (1).

Since this section is not meant to be comprehensive, for it rather tries to isolate some
important qualitative features due to trapped particles, we focus mainly on the low-frequency
SAW continuous spectrum and Alfvén eigenmodes connected with the BAE accumulation
point. In fact, this is the typical case of interest in present-day experiments looking at long
wavelength and low to moderate mode numbers driven by energetic particle populations.
Since the corresponding relevant frequencies are much larger than the thermal particle toroidal
precession frequencies, we may consider I� � 1 in equation (24). More comprehensive and
exhaustive numerical studies of equation (1) using �2 given by equation (24) will be reported
elsewhere, discussing both lower frequency and shorter wavelength modes.

In figure 1, we show the real frequency dependence (Im ω = 0) of �2, given by
equation (24), for two different values of ε, ε = 0 (no trapped particles) and ε = 0.1.
Fixed parameters are ω∗ni/ωTi = ω∗Ti/ωTi = 0.2, ω̄Di/ωTi = 0.15/

√
2, q = 1.5 and

τ = 1. As expected from equation (24), the precession-bounce resonance with trapped
thermal ions affects the response at low frequencies. However, while the resonant wave–
particle interaction becomes exponentially small at |ω| � ωTi and Im �2 is not significantly
modified by trapped particles at high frequencies, the non-resonant response Re�2 shows
slower (algebraic) convergence to the asymptotic limit of equation (29). It has already been
emphasized [65] that the validity range of the high-frequency limit of equation (29) is fairly
limited. Here, we see that the residual ∝ √

ε difference between Re �2 expressions with and
without trapped particles at high frequencies is due to the fact that equation (27) and (28) have
different expansion parameters; so, exact cancellation of ∝ √

ε terms requires that the most
stringent asymptotic expansion applies.

Results in figure 1 are useful to interpret the effect of trapped particle dynamics on the
low-frequency SAW continuous spectrum and BAE modes. For the same fixed parameters
of figure 1 and for fixed v2

Ti/v
2
A = 0.01, we have solved equation (1) for δŴf = −0.1 and

δŴf = −0.2, obtaining the Alfvén eigenmode (BAE) frequency dependence on ε ∈ [0, 0.1].
We also solved �2 = k2

‖q
2R2

0 , i.e. the SAW continuum structure, for |k‖qR0| = 0.1 and
|k‖qR0| = 0.2. Results are reported in figures 2 and 3, where the dependences of Re(ω/ωTi)

and Im(ω/ωTi) are shown versus ε, respectively, for both BAE (full circles and squares) and
SAW continuous spectrum (empty circles and squares). For reference, the SAW continuum
accumulation point (�2 = 0; dashed line) is also shown. The BAE real frequency drop for
increasing trapped particle population (ε), shown in figure 2, is qualitatively consistent with
the recent numerical results obtained by means of the LIGKA code and used for analyzing
BAE excited by ICRH energetic ions tails in AUG [29, 30]. This drop is explained as a
consequence of the Re�2 behavior with and without trapped particles at high frequencies,
displayed in figure 1. A similar explanation accounts for the behavior of SAW continuous
spectrum frequency at finite |k‖qR0| and at |k‖qR0| = 0. Meanwhile, the damping increase
for increasing ε, visible in figure 3, is a consequence of the real frequency drop and the
corresponding strengthening of wave–particle resonant interactions, although—for fixed (high)
frequency—inclusion of trapped particles weakens the resonant wave–particle response, as
shown in figure 1.

It is worth noting that figure 3 does not imply a stabilizing role of trapped particles; it
suggests only that resonant wave–particle interactions are strengthened when trapped particle
dynamics is included. This means that, above the excitation threshold of the Alfvénic ITG
driven branch [7, 49, 50], modes could be more unstable with the inclusion of trapped particle
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Figure 1. Values of Re�2 (ε = 0 open squares; ε = 0.1 full squares) and Im �2 (ε = 0
open circles; ε = 0.1 full circles) are shown versus Re(ω/ωTi) for fixed parameters ω∗ni/ωTi =
ω∗Ti/ωTi = 0.2, ω̄Di/ωTi = 0.15/

√
2, q = 1.5 and τ = 1.

Figure 2. Dependence of SAW continuous spectrum and BAE real frequency on ε. Full symbols
indicate BAE modes (full circles δŴf = −0.1; full squares δŴf = −0.2); empty symbols indicate
the SAW continuous spectrum (empty circles |k‖qR0| = 0.1; empty squares |k‖qR0| = 0.2). The
SAW continuum accumulation point at |k‖qR0| = 0 is also shown as reference (dashed line). Fixed
parameters are those of figure 1 and v2

Ti/v
2
A = 0.01.

response. These aspects are expected to be relevant for the analysis of drift Alfvén ballooning
mode stability.

7. Conclusions and discussion

In section 4, we derived the kinetic layer wave equation and the corresponding expression of �,
entering the general ‘fishbone-like’ dispersion relation equation (1), treating resonant wave–
particle interactions and SAWs–SMWs on the same footing and extending the validity regime
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Figure 3. Dependence of SAW continuous spectrum and BAE damping rate (imaginary frequency)
on ε. Full symbols indicate BAE modes (full circles δŴf = −0.1; full squares δŴf = −0.2);
empty symbols indicate the SAW continuous spectrum (empty circles |k‖qR0| = 0.1; empty
squares |k‖qR0| = 0.2). The SAW continuum accumulation point at |k‖qR0| = 0 is also shown
as reference (dashed line). Fixed parameters are those of figure 1 and v2

Ti/v
2
A = 0.01.

of prior analyses to the whole frequency range 0 < |ω| � ωA, i.e. including wave–particle
interactions for both circulating and trapped thermal ions and for trapped thermal electrons.

In order to make the problem analytically tractable, we have assumed all trapped particles
as deeply trapped and all circulating particles as well circulating. Despite this assumption,
the theoretical description presented here captures the essential qualitative features of the
structures of the low-frequency shear Alfvén continuous spectrum due to resonant wave–
particle interactions with magnetically trapped thermal particles. The functional forms
of asymptotic limits are reproduced at both low and high frequencies (see section 5 and
appendix A), while relevant wave–particle interactions are maintained, allowing us to elucidate
the important physics effects of trapped particles on the low-frequency structures of SAW
continuous spectrum in toroidal geometry. In particular, we show that trapped particle
contribution is not only important but becomes dominant at frequencies of the order of the
thermal ion bounce frequency ωBi. This result was expected on the basis of the low-frequency
expression of the MHD inertia enhancement [83]; however, in the light of our analysis
and of other recent results on kinetic internal kink stability in ITER [82], it is evident that
kinetic treatments of the thermal plasma components are needed for a realistic description of
thermonuclear plasmas, where SAWs, MHD and DWT will characterize complex behavior
mediated by their mutual interactions.

One important conclusion, which may be drawn on the basis of the present theoretical
analysis, is that the kinetic layer thermal ion dynamic response in the kinetic thermal ion (KTI)
gap frequency range is dominated by geodesic curvature, i.e. by transit and/or precession-
bounce resonances. Thermal particle precession resonance enters mainly via the non-vanishing
‘flute-like’ component (|k‖qR0| � 1) of the parallel electric field, which is negligibly small
at |ω| � |ω̄Di|, |ω̄De|.

The general expression for �, equation (24) obtained in this work, can be readily used in
connection with equation (1) for analyzing a number of kinetic stability problems involving
SAWs, MHD and Alfvénic DWT. In fact, since there is a continuous transition between various
SAW and MHD fluctuation branches in many situations of experimental interest, the results
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reported in this work are of practical relevance for their interpretation. Such detailed analyses
are, however, beyond the scope of this work and will be a subject of future investigations.
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Appendix A. General derivation of limiting cases

Here, we briefly sketch the general derivation of limiting cases of the � expression discussed in
section 5. In fact, both low- [83] and high-frequency [7] limits are analyzed in the literature; so,
we briefly report these known results for the readers’ convenience and for comparison with the
approximate expressions derived in section 5. Discrepancies between general limiting forms
and approximate asymptotic expressions are due to the fact that, in this work, we have treated
all trapped particles as deeply trapped and all circulating particles as well circulating. Despite
this assumption, as specified in section 1, the theoretical description presented here captures the
essential qualitative features of the relevant wave–particle interactions and correctly reproduces
functional forms of asymptotic limits at both low [83] and high [7] frequencies, allowing us
to elucidate the important physics effects of trapped particles on the low-frequency structures
of SAW continuous spectrum in toroidal geometry, while keeping technical difficulties to a
minimum.

To analyze the different roles of trapped and circulating particles, we move from (ε, χ) to
(ε, κ2) space, with χ = µB0/ε and

κ2 = 2(r/R0)χ

1 − (1 − r/R0)χ
, (A.1)

κ2 < 1 [0 � χ < (1 − r/R0)] indicating circulating particles, while trapped particles have
κ2 > 1 [(1 − r/R0) < χ � (1 + r/R0)]. With these new velocity space variables, it is easily
shown that∫

dv(. . .) = 〈(. . .)〉 = 2π(r/R0)
1/2

∑
v‖/|v‖|=±

∫ ∞

0
ε1/2dε

×
∫ ∞

0
dκ2

(
1 − κ2 sin2(θ/2)

)−1/2 (. . .)[
κ2 + 2r/R0

]3/2 . (A.2)

For integrands (. . .) independent of κ2 (and similarly for given κ2 dependences), it is possible
to transform equation (A.2) into a simplified asymptotic form by further separating well
circulating particles with κ2 � δ = O[(r/R0)

1/2] from others:∫
dv(. . .) = 〈(. . .)〉 = 2π

∑
v‖/|v‖|=±

∫ ∞

0
(2ε)1/2dε

{
1 + (2r/R0)

1/2

×
[
− 1

δ1/2
+
∫ ∞

δ

dκ2

2κ3

(
1 − κ2 sin2(θ/2)

)−1/2
]}

(. . .) . (A.3)
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This last equation, when used as identity, demonstrates that the quantity in square parentheses
must vanish for normalization constraints.

From [7, 10], it is easily shown that the general expression of � is related to the inertia
enhancement and can be written in compact form as

ω2

ω2
A

(
1 − ω∗pi

ω

)
∂2
r δφ →

[
ω2

ω2
A

(
1 − ω∗pi

ω

)
+ �I

]
∂2
r δφ, (A.4)

where

�I∂2
r δφ =

∮
dθ

2π

〈
4π

c2
eq2R2

0ωωdiδKi

〉
. (A.5)

In the low-frequency limit, |ω| � ωBi ≈ (r/R0)
1/2ωTi, following [83] one readily obtains

�I = q2 ω2

ω2
A

(
1 − ω∗pi

ω

)(R0

r

)1/2

f

(
r

R0

)
, (A.6)

where, at the lowest order in (r/R0) [10],

f

(
r

R0

)
� 1.6 � 6

√
2

π

∫ 1

δ

dκ2

κ5

[
IE (κ) − π2

4IK (κ)

]
+

3

8
√

2
δ1/2

+
6
√

2

π

∫ ∞

1

dκ2

κ6

[
(1 − κ2)IK (1/κ) + κ2IE (1/κ)

]
. (A.7)

Here, IK (κ) and IE (κ) are the complete elliptic integrals of the first and second kinds,
respectively. Since δ = O[(r/R0)

1/2], the first two terms on the rhs represent the contribution of
barely circulating particles (�0.43), while the last term on the rhs (�1.20) comes from trapped
particles [10]. Note that the structure of equation (A.7) is the same as that involved in the ZF
polarizability [89, 90], as expected. The discrepancy between the exact lowest order value
f (r/R0) = 1.6 and the approximate value f (r/R0) = (15/16)

√
2, given by equation (25), is

to be attributed to the deeply trapped/well circulating particle simplified description. Actually,
the value (3/4)

√
2 ≈ 1.1, coming from deeply trapped particles, should be compared with

the precise trapped particle contribution � 1.2, while the value (3/16)
√

2 ≈ 0.27, coming
from circulating particle near the trapped to passing boundary, should correspond to the
barely circulating particle response �0.43. Here, as an independent check of the results
reported in this work, we also note that the values predicted for trapped ((3/4)

√
2) and barely

passing ((3/16)
√

2) particles can be directly obtained from the exact expression reported in
equation (A.7), assuming small argument expansion for elliptic integrals, which corresponds
to the deeply trapped/well circulating particle simplified description, adopted here. At next
order f (r/R0) = 1.6 + 0.5(r/R0)

1/2, so that equation (A.4) coincides with equation (26) [83].
In the high-frequency limit, ωTi � |ω| � ωA, we follow [7] and readily obtain

δKi = 2
sin θ

kϑ

(i∂rδφ)
ωDi

ω

[
τ +

mi

2Ti

(
v2

⊥
2

+ v2
‖

)]
e

Ti
f0i. (A.8)

Here, we have considered that ωdi = (mi/Ti)ωDi(v
2
⊥/2 + v2

‖)(nq)−1i sin θ(r∂r) in the kinetic
layer region. In this way, straightforward application of equation (A.5) gives

�I∂2
r δφ = −

(
7

4
+ τ

)
q2 ω2

Ti

ω2
A

∂2
r δφ, (A.9)

which yields the �2 expression of equation (27). Thus, the simplified model description of
particle orbits, adopted here, precisely reproduces the high-frequency limit.
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Appendix B. Modified circulating ion response due to finite trapped particle fraction

Strictly following [7], the functions D1(x), N1(x), F(x) and G(x), defined here in
equations (17), (18) and (21), are given by the following expressions:

D1(x) = x√
π

∫ ∞

0
dy

∫ ∞

−∞
dze−y−z2

[(
1 − ω∗ni

xωTi

)
− ω∗Ti

xωTi

(
y + z2 − 3

2

)]
1

z − x
,

N1(x) = ω̄Di/ωTi√
π

∫ ∞

0
dy

∫ ∞

−∞
dze−y−z2

[(
1 − ω∗ni

xωTi

)
− ω∗Ti

xωTi

(
y + z2 − 3

2

)]
y + 2z2

z − x
,

F (x) = 1√
π

∫ ∞

0
dy

∫ ∞

−∞
dze−y−z2 (y/2 + z2)2

z − x
,

G(x) = 1√
π

∫ ∞

0
dy

∫ ∞

−∞
dze−y−z2

(
y + z2 − 3

2

)
(y/2 + z2)2

z − x
. (B.1)

In order to evaluate the modified circulating ion response due to finite trapped particle fraction,
the above integral must be computed excluding the trapped particle cone −√

2εy � z �
√

2εy.
Moreover, since our approach is valid up to O(ε1/2) with respect to the leading term, z2 = O(ε)

terms can be dropped inside the trapped particle cone, leaving a trivial integration in z to perform
and yielding the modified circulating ion response expressed as D1(x) → D1(x) + �D1(x),
N1(x) → N1(x) + �N1(x), F(x) → F(x) + �F(x) and G(x) → G(x) + �G(x), with

�D1(x) = x√
π

∫ ∞

0
e−y ln

(
x +

√
2εy

x − √
2εy

)[(
1 − ω∗ni

xωTi

)
− ω∗Ti

xωTi

(
y − 3

2

)]
dy,

�N1(x) = ω̄Di/ωTi√
π

∫ ∞

0
ye−y ln

(
x +

√
2εy

x − √
2εy

)[(
1 − ω∗ni

xωTi

)
− ω∗Ti

xωTi

(
y − 3

2

)]
dy,

�F(x) = 1√
π

∫ ∞

0

y2

4
e−y ln

(
x +

√
2εy

x − √
2εy

)
dy,

�G(x) = 1√
π

∫ ∞

0

y2

4

(
y − 3

2

)
e−y ln

(
x +

√
2εy

x − √
2εy

)
dy. (B.2)

which coincide with the definitions given in equations (19), (20), (22) and (23).
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