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DW-GAM interaction

◮ DW-GAM interaction.
◮ Spontaneously excited by Drift Wave turbulence via 3-wave

parametric resonant interactions
◮ Scatter DW from unstable long wavelength to stable short

wavelength

◮ Threshold of the parametric excitation determined by
collisionless damping rate of GAM
⇒ Need an analytical expression for a broad range of tokamak

parameter, i.e., q, krρ...
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Previous theoretical work krρitq
2 << 1

◮ Small magnetic drift orbit for resonant ions
krρd,res ≈ krρi ,resq < 1 ⇒ ωd,res < ωt,res [Z. Gao, Sugama]

δHg =
qFo δφ

T
J0(kr ρi )Σi
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i(l−p)θ ωJl (kr ρd )Jp(kr ρd )

ω + lωt

l = integer

◮ Only low order harmonics of transit resonances contribute!

◮ krρitq
2 << 1 ⇒ l = ±1,±2 resonances[Sugama]
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previous work krρitq
2 << 1

◮ krρiq
2 ≫ 1

◮ GAM exists in q ≫ 1 regime to minimize Landau damping
◮ 3-wave parametric excitation of GAM increases with krρit

◮ higher-order harmonics of transit resonance contribute
significantly
⇒ No analytical formula for GAM collisionless damping rate!

◮ goal of this work ⇒ analytical expression of GAM dispersion
relation for krρitq

2 ≪ 1.
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Linear gyrokinetic equation, Quasineutrality condition

◮ perturbed particle distribution function

δf = −eF0δφ/T + exp[imic/(eB2)k × B · v]δHg

◮ linear gyrokinetic equation

(ω − ωd + iωt∂θ)δHg =
e

T
F0J0(k⊥ρL)ωδφ (3)

◮ electrons: kρe ≪ 1 and ω/ωte ∼
√

me/mi ≪ 1

δfe = e(δφ − δφ)F0e/Te

◮ quasineutrality condition

e

Te

(δφ − δφ) = − e

Ti

δφ + 〈J0δHgi/N0〉 (4)
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non-resonant ion response

◮ determine the mode structures and real frequency

◮ expand in terms of the smallness parameters: krρit and 1/q:

◮ δHg ,nr = δH
(0)
g ,nr + δH

(1)
g ,nr + δH

(2)
g ,nr + · · ·

◮ δφ = δφ + δ̃φ
(1)
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(2)

+ · · ·
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...
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real frequency and mode structurefδφ = −
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resonant ions and dispersion relation imaginary part

◮ determine the collisionless damping

◮ expansion parameter:
|ωt,res/ωd,res | ∼ |ωt,res/ω| ∼ 1/(krρitq

2)1/2 ≪ 1
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(0)
g ,res = − e

Ti
J0F0ωδφ; (8)
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◮ Di

Di = Im〈(J0δHg ,res )〉/(
eN0

Ti

δφ). (11)
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lowest order

◮ lowest order perturbed distribution function:

δH
(0)
g ,res = − e

Ti
J0F0

ω

ωd − ω
δφ. (12)

◮ note:
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∫
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; (13)

◮ D
(0)
i , the q → ∞ limit:
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We need to go to higher orders to include q dependence.
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lowest order correction

◮

δH
(1)
g ,res =

∂
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(
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ωF0δ̃φ
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◮ lowest order correction to Di

D
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√
2
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2ω
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ωdt

|ω| exp{−σω/ωdt} (16)

No q dependence in D
(1)
i , need to go to next order to find q

dependence.
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second order correction, q dependence

◮

δH
(2)
g,res =

iωt

ωd − ω

∂2

∂θ2

�
iωtωS

2(ωd − ω)2

�
−

e

Ti

F0
ω

ωd − ω
fδφ(2)

+
iωt

ωd − ω

∂

∂θ

�
e

Ti

F0
ω

ωd − ω
fδφ(1)

�
(17)

◮ second order correction to Di
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Does contain 1/q2 correction in ω2
tt !
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compare with numerical results
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Figure: GAM/KGAM damping rate vs q. The four curves are respectively
the numerical and analytical damping rate with τ = 0 and 1.
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Conclusion

◮ Derived analytical expression for GAM real frequency for
1 ≫ krρit and 1 ≫ 1/q with O(k2ρ2

it) and O(1/q2))
corrections;

◮ Derived analytical expression for GAM damping rate for
1 ≫ krρit ≫ 1/q2;

◮ Combining with the previously derived damping rate
expression for 1 ≫ 1/q2 ≫ krρit , GAM damping rate over a
broad range of tokamak parameters is determined.
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Thank You!
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